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FORMATION OF DIFFUSION WAVES
IN A SCALAR CONSERVATION LAW WITH CONVECTION

KEVIN R. ZUMBRUN

ABSTRACT. We study the scalar conservation law, u;+[c(x)u]x +b(u2)x = Uxx ,
¢’ > 0, which is a model equation for the behavior of weak transverse waves
near a viscous transitional shock. Solutions are shown to decay in L! to a pair
of diffusion waves, moving apart at speeds c(—oo) and c(+o0), behavior that
has been observed numerically in solutions of the full equations. The interesting
aspect of the analysis is that the asymptotic state of the solution is not known
a priori, in contrast to cases treated previously.

1. INTRODUCTION

We study the scalar conservation law
(L.1) ut+[c(x)u]x+b(u2)x = Uxx

where ¢(x) is a nondecreasing function such that ¢/(x) and ¢”(x) decay ex-
ponentially at infinity c(—o0) < 0 < ¢(+o0) and ¢2 + ¢ # 0 (a technical
condition). The constant b is arbitrary.

This equation describes the behavior of nonlinear waves moving through a
convection field c(x). With the choice of c¢(x) = tanh(x), it serves as a model
equation for the behavior of weak transverse waves near a transitional shcok
wave; here c¢(x) represents the convection induced by the underlying shock and
cross-terms are ignored (cf. [8, 10]).

Our interest is in understanding the behavior at the level of diffusion waves.
For weak classical shocks, Liu [7] has shown that the large-time behavior of
transverse waves is to coalesce into a single diffusion wave leaving the shock.
This diffusion wave is either a standard heat kernel or the analogous source so-
lution of Burgers’ equation, according to whether the associated characteristic
family is linearly degenerate or genuinely nonlinear. Numerical experiments
[10] suggest that transverse waves near transitional shock exhibit analogous be-
havior. However, since transverse waves leave the shock on either side, the
asymptotic state consists of two emerging diffusion waves.
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Likewise, in (1.1), mass is convected in the separated directions ‘fi—;‘ = c(—0o0)

and % = ¢(+oc) . The corresponding result is:

Theorem 1 (Convergence to diffusion waves). Let u be a solution of Eq. (1.1)
with initial data uy € C> such that uy, uo,, and ug, decay exponentially
at infinity and ||uol|L~ is sufficiently small. Then, for any choice of ¢ > 0, u
satisfies

(1.2) lu =8l = o(1)~1/2+,

where

(1.3) O = 0,(x —c(—00)t, t) + O2(x — c(+0)t, 1)
and 0, and 6, are source solutions of

(1.4) 6+ b(6)2 = O,

i.e. solutions with 0;(x, 0) = p;d(x), where d(x) is the dirac delta function.

This result is proved in the following sections. We remark that it is sufficient
to assume uo merely small in ||-|.~ and exponentially decaying at infinity, as
the remaining hypotheses must then hold for any sufficiently small ¢ > 0. We
will not prove this last claim, which belongs to the short-time theory of general
second-order parabolic equations (cf. [3, 4]).

The analysis of the classical case is facilitated by prior knowledge of the
asymptotic state; conservation of mass is enough to describe completely the
single emerging diffusion wave [7]. In (1.1), conservation of mass gives the
total mass of the two emerging diffusion waves but does not determine the
individual mass of either. Thus the standard analysis is precluded here.

Our alternate approach proceeds in two steps. We first establish exponen-
tial decay of the solution and its derivative in an approximate weighted norm,
similar to that introduced in [9] for the study of linearized stability of shock
waves. This implies exponential decay in the standard norm on any bounded
set; in particular, it implies expoential decay of the mass flux through x = 0.
Thus, the solution separates into left and right components moving away from
the origin.

Next, we observe that, since c(x) decays rapidly to a constant at plus and
minus infinity, the two portions of the solution approximately satisfy constant-
convection equations with different speeds, equations which fall under the stan-
dard theory. By comparison with the exact solutions of these equations, we
establish their convergence to diffusion waves.

As remarked in [10], it is a common feature of problems related to transi-
tional waves that the asymptotic state of solutions is not known a priori. Our
treatment of (1.1) should be viewed as a first attempt in developing analytic
methods for their study.

2. SOURCE SOLUTIONS
A source solution 6(x, t) of the scalar equation
(2.1 U, + bufc = Uyy
is a solution with initial data
(2.2) 6(x, 0) = pd(x),
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where J(x) is the dirac delta function. We will use the notion 6(x, ¢; p) when
we wish to indicate a specific source solution.
In the case b =0, 0 is simply a heat kernel

(2.3) 0(x, t; p) = (p/Vamt)e™ /4.
In the case b # 0, the Hopf-Cole transformation
(2.4) u=—(1/b)(wx/w)

reduces (2.1) to the heat equation w; = wyy , Whereby we obtain

S (1/bVamne/*
(23) 60 13 P) = o (ob72) = exfx/VamD)

Proposition 2.1. Let u(x, t) be a solution of

(2.6) U+ b(?)x = s

with initial data ug(x), and let p = f_’:’j up(x)dx. Then

(2.7) lux, ) — 6(x, £; p)lips = OVt~ 2| xuq| 1 -
Proof. We treat only the case b = 0. The case b # 0 follows similarly, using
the Hopf-Cole transformation.

By the explicit solution of the heat equation, the function 2 = u — 6 is given
by

(2.8) h(x,t)=h(x,0)«K(x, ) = —H(x, 0) * Kx(x, 1),

where x denotes convolution, K(x, ¢) = (1 /\/47zt)e"‘2/“’ is the heat kernel,
and H(x, t)= [Z_ h(x)dx. Thus,
(2.9) Al < NH(x, Oz [1Kx(x, )llze = ¢ 2|H (x, 0)]| -

But [*Zh(x)dx = 0, so that ||[H(x, 0)||p1 < |lxh(x, O)||: (integration by
parts). Observing that ||xA(x, 0)||z: = ||xu(x, 0)—xpd (X)L = |xu(x, 0)ll.:,
we are done. O

Corollary 2.2. Let u(x,t) be a solution of
(2.10) Uy + Cly + b(U?)x = Uyx,
on t>T, for ¢ constant; and let p = ff:: u(x, T)dx. Then

(2.11) lu(x, )= 8(x ~c, t; Pl = O(1)(t = T)™2||(x = cTu(x, T)llL: -

Proof. The change of coordinates (x’, ') = (x —ct, t — T) reduces this to the
previous proposition. 0O

3. COMPARISON THEOREMS

The main tool required in our analysis is an L! stability estimate familiar
from hyperbolic theory [5]:
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Proposition 3.1 (L' stability). For Ty <t < Ty, let u', u? € C? be solutions
of
(3.1) U+ fU, x, )y =alx, ' +ul, +S(x, 1),

where f is smooth, |f,|, |a|, ||S' —S?||Li, and ||u' — u?||;: are bounded , and
|u! — 42|, |ul —u2| — 0 as x — +oo, uniformly in t. Then
(3.2)

T[ +00
' =2 (T1) =1 2|2 (To) < /T / alu 1| dx di+ / IS! =8| db.
o J—o0

T
Ty

Proof. Subtract the equations for u' and u? given by (2.1), multiply by
sgn(u! — u?), and integrate over the strip Ty < ¢ < T} . Applying Green’s theo-
rem to the terms involving derivatives, we find that, at the curves u! = u?, the
boundary terms corresponding to the flux f cancel, while those corresponding
to the dissipation terms u,, have the correct sign. Boundary terms at x = oo
vanish by our assumptions on |u! —#2| andon f. O

We also make use of the following comparision principles:
Proposition 3.2 (Monotonicity). Let u!, u? € C? be solutions of
(3.3) U+, x, )x =alx, Hu' +ul, +S(x, 1),

where f € C?, f,x and o are bounded, and S' > S?. If the initial data satisfy
ub > u, then u' > u? for all time.

Proof. Define

fle, ) =1/, x, 1) = fu', x, )@ —u')™!
and w(u? — u!)e~X! so that
(3.4) wi/le(fx — K +a)o + fo, + wex .
The function fx is bounded on ¢ < T by max;<t fux . Choosing

K> r})SaTx( feta),

w satisfies a maximum principle on ¢ < T so that w, and therefore u? —u!,
is nonpositive on ¢ < T . Since T is arbitrary, the result follows. O
Proposition 3.3. Ler u!, u? > 0 satisfy
(3.5) u +[c'(x, Hu'ly = ul,,

where ¢! > ¢ and u) > u}. Then, for any a,

+00 +00
(3.6) [ waxz [ara,
a a

for all time.

Proof. This is suggested by the interpretation of (3.5) as diffusion processes,
with drift velocities ¢f. Setting W(x,t) = [=(u?(x, 1) — u'(x, 1)) dx, we
have

(3.7) W+ c'(x, )Wy = Wi —u?(c' = ¢?).
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By hypothesis, —u2(c! —¢?) <0, so that W satisfies a maximum principle. 0O

Remark. The properties of L! contraction and monotonicity are equivalent
when local existence holds (cf. [5]).

4. SEPARATION OF THE SOLUTION

In what follows, we may take u € C* to be a global solution of (1.1) for
which u, u,, and u,, decay at x = +oo. This follows from local existence
theory (cf. [2, 3, 4]) up to a time depending only on |||z~ . Since ||u||r~ is
uniformly bounded, by the maximum principle, the global result follows from
repeated application of the short time theory. From our assumptions on u, it
follows that all functions defined below satisfy the hypothesis of Proposition
3.1

Proposition 4.1. The solution u(x,t) of (1.1) decays in |- ||, and | -|L, -
Proof. This follows from the maximum prinicple and from Proposition 3.1 and
u!=u and ¥2=0. O

Now we define v(x, t) by
(4.1) u(x, 1) =Ax)v(x, 1),
where A(x) satisfies Ay = ncA, A(0)=1,and 0 < 7 < 1. In terms of v,
(1.1) becomes '
(4.2) v =vxx —[(1 =)’ +n(1 = n)c? + 2nbculv — [(1 — 2n)c + 2bu]vy .
Proposition 4.2. ||v||1~, ||v||L,, and ||vk||L, decay exponentially, provided that
lluollz is sufficiently small.
Proof. The quantity —[(1 — )¢’ + (1 — n)c?] is negative and bounded away
from zero. Thus, in (4.2), the coefficient of the source term satisfies
(4.3) —[(1 =)’ + (1 = n)c* +2pbcu] < -0 < 0,

as long as ||u(-, 0)||L~ is sufficiently small. Applying the maximum principle,
we obtain L™ decay in v at the rate of e¢~7".
Rearranging (4.2), we obtain

(4.4) v+ ([(1 = 29)c + bulv)x = —[nc’ + n(1 = n)c? + nbculv + vxx ,

where, again, the coefficient of the source term is uniformly negative, say, less
than —6 < 0. Applying Proposition 3.1 with ! = v, u? = 0, we obtain the
Gronwall inequality

d 5
Zvle < =alvlle
giving L! decay in v at the rate e~%.

Now set w = v, . Writing (4.2) as

(4.5)

(4.6) Uy = Uxx — (X, 1)U + B(X, t)Ux
and differentiating gives

(4.7) W — [BW]x = Wxx — oW — ayV.
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The term a,v may be split into O(1)v + O(1)u,v = O(1)v + O(1)wu to give
(4.8) w; = [Bwlx = Wxx — [+ O(1)ulw + O(1)v,

where, again, —[a + O(1)u] < -~ < 0, provided that ||u®|;~ is sufficiently
small.

Applying Proposition 3.1 with ! = w, u* =0, and using ||S' - S?||.: =
O)||lv|lp = O(1)e~%") | we obtain the Gronwall inequality

(49) 2 ol < 3ol + 01,

which implies that ||w||;: = O(1)e~™in{@.0}=&) for any ¢ >0. O

Corollary 4.3. ||u||z~, ||ullz1, and ||uxl|l.: decay exponentially on any bounded
set.

Remarks. (1) The results of this section require only that ¢? + ¢’ be bounded
away from zero. In particular, this allows for ¢ to be a nonzero constant, which
models behavior of transverse waves in the presence of a classical shock.

(2) When c¢(x) is taken to be a nonzero constant, the choice n = % gives
sharp decay information. This is one way to estimate “almost finite” propaga-
tion speed in the heat equation and Burgers’ equation.

(3) The uncontrolled term u,w contained in the [fw], term in (4.6), pre-
vents us from obtaining decay in ||w| .~ by the maximum principle. This is
familiar from the example of Burgers’ equation, where our argument again gives
decay in |[|uy|/z: but notin |Juy|/L~ . This simply reflects the fact that the total
variation norm decreases, even though the gradient may grow large at certain -
points.

5. PROOF OF THE MAIN THEOREM

We now investigate the formation of diffusion waves. Without loss of gen-
erality, we consider only the behavior on x > 0. By choosing 7 sufficiently
small, we can assume that [c(x) — c(+oc)] and c¢’(x) decay faster at infinity
than A~! = O(1)e~"1¢+)lxI  Therefore we can rewrite (1.1) as

(5.1) Uy + c(4+00)ux + b(u?)x = uxx — S(x, 1)

where the source term S(x, ) = [(c — ¢(+o0))u]x is bounded in absolute value
by O(1)(|v| + |vx|) and thus decays in |- ||.: as e~°' for some o > 0.
For ¢t > T, we define %(x, t; T) to be the solution of

(5.2) Ty + c(4+00)Tx + b(W?)x = Txx

with initial data #(x, T; T) equal to u(x, T) on x > 0 and zero elsewhere.
By mimicking the proof of Proposition 3.1, we obtain an estimate

4
dt
containing the additional boundary term

(5.4) T(a,t)=|f(ul(a,t),a,t)- f(u*(a,t),a, )| +ula,t)—ui(a,1).
Setting u! = u and u? =%, we have

(5.5) T =|c(+00)u + bu? — c(+00)i — bu?| + |ux — x| = O(1)(Ju| + |thx]) -

+00
(5.3) -l _uan‘[a,oo]S/ afu' —1?|dx +|S" = $(|1ga,00) + T(@; 1)
a
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Let / > O be fixed. Since Corollary 4.3 applies to #a by Remark (1) of
§4 and to u considered as a solution of the original equation (1.1), we have
ITCx, )i, = O(1)e~%", for some & > 0, so that

oo t
(5.6) / / IC(x, )| dx di = O(t)e=7T .
T Jo
It follows that there is some a € [0, /] for which
(5.7 / T(a, t)|dt = (1/1)0(1)e~°T .
T

Applying (5.3) and noting that a =0, |lu(x, T) - u(x, T; T)|lpijg,00) = 0>
and |S! - 82|, = O(1)e~7" gives

(5.8) lu(x, 1) =%(x, t; Tllpa,00)(T) < O(1)e™T,
forall t > T, where 6 = min{6, o}. Therefore, we have
(5.9) 1 — %l 10, 00) » (T) < O0()e™°T,

for t > T, as well, since ||ull 10,5 and |[|%l|z1pp,4 are O(1)e~°T, as noted
above. :

By Corollary 2.2, u converges to a diffusion wave as ¢ — oo. To estimate the
rate of this convergence, we introduce %(x, t; T) satisfying (5.2), with initial
data %(x, T; T) equal to u(x, T) on [0, CT] and zero elswhere.

Lemma 5.1. For C sufficiently large, ||u(x, T)|piicr,00) = O(1)e™°T, for o >
0.

Proof. Let @ be the solution of the constant-convection equation (5.10)

with initial data #° = |ug| and c¢max = max|c(x) + bu|. By Propositions 3.2
and 3.3, ||u|lLicr, 0 is Dounded by ||&] L1y, o0 -

But, for C > Cmax, llitllziic:, ) decays exponentially, a property of “almost
finite” speed of propagation that is well known for the constant-convection
equation (5.10). We can verify this by the change of coordinates (x’,?) =
(x — Ct, t), together with the observations in Remarks (1) and (2) of §4. O

Lemma 5.1 implies that ||%(x, ¢t; T)-%4(x, T; T)||z: = O(1)e~°T . Thus, by
Proposition 3.1,

(5.11) [G(x, ; T) = a(x, t; T)||p = O(1)eT

for all ¢t > T. But, since

(5.12) ll(x = e(+o0)T)a(x, T5 T)|lp < CTllu(x, T)lz,

Corollary 2.2 gives

(5.13) %(x, t; T) = 6(x — c(+00)t, t; pr)llp = O()T(t - T)~'/2,
with pr = fOCT u(x, t)dx . Combining (5.9), (5.12), and (5.13), we have
(5.14) [lu(x, 1) = 6(x — c(+00)t, 15 pT)l|Lij0,00) = O(1)(e™T + T(t = T)7'72),

for t > T, where @ = min{G, o}.
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From (5.14), we obtain

”0(.x - C(+OO)[, t, pTx) - 0(X - C(+OO)[, t’ pTz)”L'[O,oo]
=0(1)(e°T +T(t-T)'/?)

for t > T, where T = max{T}, T3} . It is clear that

(5.16) 16(x — c(+0)t, 15 p1) = O(x = c(+o0)t, 25 p2)llLr = |p1 — P2l

so that

(5.17)  10(x = c(+oc)t, t;5 p1) = O(x — c(+00)t, 15 p2)llLif0, 0] < 121 = 2]

In fact, since c(+o0) > 0, we have

(5.18) lim [|6(x —c(+o0)t, 25 p1) = O(x — c(+00)t, 3 p2)llL1g0, 00) = |1 = P2 -

(5.15)

Letting ¢ — oo in (5.15), we find that |pr, — pp,| = O(1)e~o™in{Ti. T2}
Therefore, the sequence {pr} converges to some po, , with

(5.19) o1 = pool = O(1)e T
Combining (5.14), (5.17), and (5.19), we have
(5.20)

lu(x, t; T) = 6(x — c(+00)1, t; poo)llLifo, o) = O(1)(e™T + T(t = T)~'/?),
for any T <t. Setting T = t* now gives the result. O

6. THE CASE ¢(x) = tanh(x)

In the main case of interest, ¢(x) = tanh(x), we can obtain more precise
information about the solution. In this case for # = 1/2, the coefficient nc’ +
n(1 — n)c? is identically one, so that the transformed equation, (4.2) becomes
particularly simple.

In the linearly degenerate case, b = 0, it reduces to a damped heat equa-
tion, which admits an exact solution. Transforming back, we find that Green’s
function for the original (1.1) is just

G e’
(6.1) (x,t,y)—ey+e_yK(x y t,t)+ey_e_y
where K(x, y) denotes the heat kernel. In other words, the fundamental so-
lution is a convex average of dissipation waves moving to the right and to the
left, not only time asymptotically, but at each time ¢. We thus see trivially that
the solution has all decay and dissipation wave behavior of the heat equation.

For b # 0, we can treat the term (#2), as a quadratic source term and
use iteration to show that the solution is bounded by a multiple of the linearly
degenerate solution. As in §3, we can now treat the part of the solution to the
right of the origin as a solution of the constant convection Burgers’ equation with
an exponentially small source term [(c(x) — ¢(+o0)]u)x and an exponeatially
small boundary condition at x =0.

Note that, in the linearly degenerate case, the mass of the right dissipation
wave can be determined from the initial data by the inner product (e*, ug),
with e* = z,y—f;—; More generally, the dual vector e* is determined by the
adjoint equation —c(x)e; = e;, with the boundary conditions e*(—oc) = 0,

K('x—y+t’t),
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e*(+o00) = 1. Such a solution exists when ¢(—o00) < 0 < ¢(+00) and determines
a second quantity that is conserved along with mass.

In the genuinely nonlinear case, the mass of the right diffusion wave again
represents a second L! invariant but cannot be calculated explicity. This is
analogous to the situation of N-waves in hyperbolic systems.

7. THE INVISCID EQUATION

Finally, we briefly discuss the associated inviscid equation,

(7.1) Uy + (c(X)u)x + b(u?)x =
Along characteristics, this becomes

du ,
(7.2) vt —c'(x)u,

so that u is decreasing in absolute value.

This allows us to derive a sharp L decay rate, using an argument of Dafer-
mos [1]. Let I' denote the characteristic through (x, ¢). Then the total mass
flux through I' from time O to time ¢ is given by the integral of the instan-
taneous mass flux, fot (f(u) — Au) dt. Here, f = c(x)u+ bu? denotes the flux
and A = c(x) + 2bu denotes the characteristic speed, so that the integrand is
exactly —bu?. Therefore, since u is decreasing along I', the total flux is at
least bu?(x, t)t.

But, by the L' contraction theorem, the total flux

/I‘ u(-, t)dx—/_;u(-,O)dx

—o0

is bounded by 2||ug||;: . Combining, we have L= decay at the rate ~'/2.

On the other hand, it is not clear that the solution coalesces into two N-waves,
as happens in the viscous case. In this regard, we remark that the inviscid
problem is somewhat in the viscous case. In this regard, we remark that the
inviscid problem is somewhat artificial, since it amounts to taking the zero-
viscosity limit in one wave family and not in the other.

ACKNOWLEDGMENTS

The author thanks the referee for several helpful suggestions.

REFERENCES

1. C. Dafermos, Regularity and large time behavior of solutions of a conservation law without
convexity, Proc. Roy. Soc. Edinburgh Sect. A 99 (1985), 201-239.

2. A. Friedman, Partial differential equations of parabolic type, Prentice-Hall, Englewood Cliffs,
NJ, 1964.

3. D. Hoff and J. Smoller, Solutions in the large for certain nonlinear parabolic systems, Ann.
Inst. Henri Poincaré 3 (1985), 210-220.

4. _____, Global existence for systems of parabolic conservation laws in several sapce variables,
J. Differential Equations 68 (1987), 213-235.

S. Kruzkov, First order quasilinear equations in several space variables, Math. USSR-Sb. 10
(1970), 112-113.

6. T.-P. Liu, Decay to N-waves of solutions of general systems of nonlinear hyperbolic conser-
vation laws, Comm. Pure Appl. Math. 30 (1977), 585-610.



1032 K. R. ZUMBRUN

, Nonlinear stability of shock waves for viscous conservation laws, Mem. Amer. Math.
Soc. 56 (1985), 1-108.

8. T.-P. Liu and K. Zumbrun, Nonlinear stability of an undercompressive shock, in preparation.

9. D. Sattinger, On the stability of waves of nonlinear parabolic systems, Adv. Math. 22 (1976),
312-355.

10. K. Zumbrun, B. Plohr, and D. Marchesin, Scattering behavior of transitional shock waves,
State Univ. of New York at Stony Brook, Report No. SUNYSB-AMS-91-09, 1991.

DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON, INDIANA 47405
E-mail address: kzumbrun@indiana.edu



